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Abstract 

We investigate the description of the region behind the event horizon in 
rotating black holes in the AdS/CFT correspondence, using the rotating BTZ 
black hole as a concrete example. We extend a technique introduced by Kraus, 
Ooguri and Shenker P , based on analytically continuing amplitudes defined in a 
Euclidean space, to include rotation. In the rotating case, boundary amplitudes 
again have two different bulk descriptions, involving either integration only 
over the regions outside the black holes' event horizon, or integration over this 
region and the region between the event horizon and the Cauchy horizon (inner 
horizon). We argue that generally, the holographic map will relate the field 
theory to the region bounded by the Cauchy horizons in spacetime. We also 
argue that these results suggest that the holographic description of black holes 
will satisfy strong cosmic censorship. 

1 Introduction 



Black holes play a central role in tlie AdS/CFT correspondence. Tlie original proposal 
of a large duality |2j was largely motivated by the successes of string theory in 
explaining the black hole entropy, and soon afterwards, it was realised |2I that the 
black hole geometries are directly related to thermal states in the gauge theory. This 
led to non-trivial predictions for the phase structure of the strongly-coupled gauge 
theory, and placed our understanding of string theory's successes in accounting for 
the black hole entropy on a much firmer footing. However, our understanding of the 
description of the black hole geometry (as opposed to its thermodynamic properties) 
from the dual field theory point of view remains very weak. It has proved difficult 
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to address even the simplest questions about observations in a black hole spacetime 
from the field theory point of view. For example, we do not know how the 'one-way' 
nature of the event horizon is (approximately) enforced in the field theory, nor do 
we know how to describe the observations of an observer falling across the black hole 
horizon. 

These difficulties refiect broader problems in understanding the Lorentzian aspects 
of the AdS/CFT correspondence. The connection between thermodynamics of black 
holes and thermodynamics of gauge theory can be understood using the Euclidean 
black hole solutions. But in this Euclidean section, there is no region 'behind the event 
horizon': in positive definite signature there is in general no coordinate- independent 
notion of an event horizon. The usual analytic continuation back to Lorentzian sig- 
nature maps the Euclidean section onto the region outside the event horizon of an 
eternal black hole. It has sometimes been suggested that this implies that the dual 
field theory describes only physics in the region outside the event horizon. However, 
as argued in |3] , this seems very unlikely: there is a Cauchy surface for the black hole 
spacetime which lies entirely outside the event horizon. Thus, if the dual field theory 
provides a complete description of the physics in this region, it will also determine 
what is happening behind the horizon. That is, degrees of freedom which pass behind 
the event horizon should still be encoded in the dual field theory in some way, which 
could involve some form of black hole complementarity [Hini- 

Attempts to explore this encoding were made in [3 |H1 CHI • In [3 E] , attention 
was focused on the description of black holes formed from collapse and on the geon, so 
the geometry has a single asymptotic boundary, and the full geometry including the 
region behind the horizon should be described by some appropriate state in the dual 
field theory. One obstacle to progress in these cases was that the correct state in the 
field theory is not easily identified. In P , the eternal BTZ black hole was considered, 
and a dual description of the geometry in terms of a specific entangled state of the 
two CFTs living on the two asymptotic boundaries of the spacetime was proposed 
(building on previous work fTl^[|^E])- This provides a concrete context in which 
one can ask what information about the region behind the event horizon is contained 
in correlation functions of GET operators in this entangled state. It was argued in jH] 
that correlation functions involving operators in both CETs would indeed probe the 
region behind the horizon. 

In P], substantial progress in implementing these ideas was achieved by intro- 
ducing two key ingredients: first, the calculation of higher n-point correlators using 
bulk-boundary propagators was considered. This involves an interaction vertex which 
is integrated over the bulk, allowing the explicit identification of contributions from 
different regions of the spacetime. Second, a novel analytic continuation was found, 
which relates the integration of the bulk interaction vertex over the Euclidean black 
hole to an integration over the whole black hole spacetime, including the regions in- 
side the black hole event horizon. This amplitude could also be analytically continued 
in the standard way, to obtain a representation in terms of an integral just over the 
region outside the black hole event horizon. (These alternative analytic continuations 
were also discussed in jIH]-) This technique thus provides an exphcit realisation of 
the ideas of black hole complementarity jSlini- It shows that there is a representation 
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in which the field theory treats the black hole singularity, and not the event horizon, 
as the end of the classical spacetime description. 

In this paper, we will extend the analysis of pj to consider the rotating BTZ black 
hole. This involves a generalisation of the analytic continuation described in jlj. We 
will see that the field theory calculation can only be related to an integral over the 
region outside the inner horizon of the black hole; this suggests the region inside the 
inner horizon, where the singularities are visible, is unphysical from the field theory 
point of view. 

We proceed as in [Ij, investigating the definition of correlation functions in the 
entangled CFTs on the two asymptotic boundaries of the rotating black hole by 
analytic continuation from a Euclidean solution. In the bulk description, a bound- 
ary correlation function is calculated by evaluating appropriate Feynman diagrams 
constructed from bulk-boundary and bulk-bulk propagators, with the interaction ver- 
tices integrated over the bulk spacetime. As we analytically continue the boundary 
points from the Euclidean to the Lorentzian section, we must deform the contour of 
integration for these interaction vertices in some way. 

We will investigate two different ways of deforming this contour, which lead to 
different representations of the same Lorentzian correlation function. In the first case, 
we deform in the usual way, taking the integration over the Euclidean spacetime to 
be an integration over the regions outside the black hole event horizons. We then 
find a new 'Kruskal-like' coordinate system, which allows us to define a deformation 
of the contour as we analytically continue which can be interpreted as giving an inte- 
gration of the interaction vertices over the whole region between the past and future 
Cauchy horizons (inner horizons), including both the regions between the inner and 
outer horizons and the exterior asymptotic regions. Thus, in this case, the boundary 
correlation function can be related to an integral over the Cauchy development of a 
Cauchy surface connected to the asymptotic boundaries. There appears to be no rep- 
resentation in which the computation of boundary observables involves the spacetime 
region beyond the Cauchy horizon. The field theory seems to see the Cauchy horizon 
(and not the event horizon) as a natural boundary. This supports the argument given 
previously, that the region inside the event horizons must be described by the field 
theory because it is included in this Cauchy development. 

There is another reason for expecting the spacetime to be cut off at the Cauchy 
horizon: an observer who crosses it will see the naked timelike singularity inside the 
black hole, leading to a violation of strong cosmic censorship ^Hl- The fact that the 
CFT only appears to describe the region outside the Cauchy horizon may therefore 
be interpreted as an interesting manifestation of cosmic censorship in the AdS/CFT 
correspondence. It has previously been argued that violations of strong cosmic cen- 
sorship in such charged black hole spacetimes are prevented by an instability of the 
Cauchy horizon: it is a surface of infinite blueshift jTTj, and is therefore unstable to 
generic perturbations of the exterior geometry [18J. It is not clear if the fact that the 
CFT sees the Cauchy horizon as the end of the classical spacetime in rotating black 
holes is a refiection of this instability, or represents a truly independent mechanism 
for enforcing cosmic censorship. An important direction for future work is to look 
for signs of singular behaviour in the CFT associated with the region of spacetime 
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near Cauchy horizons, and to understand the conjectured breakdown of the classical 
spacetime picture there. 

In section |21 we review the rotating BTZ black hole solution, and discuss the 
analytic continuation relating the Euclidean and Lorentzian solutions in the standard 
BTZ coordinate system ^^1- This analytic continuation was also recently discussed 
in [20], where the propagation of strings in this geometry was considered. In section |3J 
we introduce a new coordinate system, in which the analytic continuation relates the 
Euclidean section to the regions outside the event horizon and between the event 
horizon and the Cauchy horizon. Our discussion follows that in [T] very closely. 
Section HI contains some concluding remarks and thoughts on future directions. 



2 Rotating BTZ black holes 

We will begin by reviewing the relevant features of the BTZ solution, the propagators 
for scalar fields on this spacetime, and the analytic continuation to define a related 
spacetime with positive definite metric. In static coordinates, the rotating BTZ solu- 
tion of [12] is (we are setting the AdS length scale associated with the cosmological 
constant to one) 



r2)(r2-r2) 



dr + 



r'^dr'^ 



+ r' 



■dt + 



The parameters r± are related to the mass and angular momentum of the solution 
through 

o M 



1± 1 



J2^ 1/2- 
M2 



(2) 



so M = + r^, J 



2r_|_r_. This solution is locally AdSs; this is most easily 
seen by relating the coordinate system used in ([T]) to the embedding coordinates 
(Ti, Ta, Xi, Xa) for the AdSg hyperboloid, which satisfy Tf + r| - Xf - X| = 1. They 
are related by 

Ti = ^/a cosh(r_|_0 — r_t), (3) 

(4) 
(5) 
(6) 



T2 = Vtt — 1 sinh(r+t — r_(j: 
Xi = -y/a sinh(r+0 — r_t), 



where a 



X2 = y/ct — I cosh(r+t — r_0), 
37^. In discussing physics near the horizon, it is often useful to introduce 



a different angular coordinate. 



ds^ = J''-'l^(f-'-^dt^ + 



— r_t/r^. In terms of this coordinate. 



and the relation to the embedding coordinates becomes 

Ti = v^cosh(r+0). 



(r^ - ri)dt + d(t) 



(7) 
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Figure 1: Slices through AdSs in global coordinates, showing the regions of AdSs 
determined by the norm of the Killing vector = dcf, in the coordinates (|7j). In region 
1, ■ ^ ^ ''"+) ill region 2, > ^ ■ ^ > r^; in region 3, > ^ ■ ^ > 0; in region 4, 



This change of coordinates gives a metric where the gt,p cross term vanishes at the 
horizon, so is a co-rotating coordinate near the horizon (the original coordinate 
system is adapted to discussing infinity; the g^^ cross term vanishes at infinity). 

This spacetime is naturally divided into several regions, determined by the norm 
of the Killing vector ^ = d,j) along which we identify. If ^ ■ ^ > r^, we are outside 
the black hole's event horizon; this is region 1. If > ^ ■ ^ > r^, we are between 
the event horizon and the Cauchy horizon; this is region 2. If > ^ • ^ > 0, we 
are between the Cauchy horizon and the 'singularity' of the black hole; this is region 
3. Finally, in the global AdSs space before making identifications, there is a region 
where ^ ■ ^ < 0, which we call region 4 — this region is omitted from the black hole 
spacetime. Because we cut out region 4, treating the surface ^ ■ ^ = as a singularity 



e-e<o. 




Xi = \fa sinh(r+0) 



(10) 




(11) 
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of the rotating black hole spacetime, this black hole solution has no closed timelike 
curves. The division of global AdSs into these regions is depicted in figure [H 

As in PP, it will be convenient later to note that the division into regions can 
also be described in terms of the embedding coordinates. Since — Xf = a, and 
T2 — X| = 1 — a, the regions can also be distinguished by 

(12) 



re 


gion 1: 


T? 




>o, 


T| 


-Xl 


< 


re 


gion 2: 


T! 


-XI 


>o, 


rp2 

^2 


-Xl 


> 


regions 


3 & 4: 


T! 


-Xl 


<o, 


rp2 

^2 


-xl 


> 



We also note that each of the regions consists of several disconnected components; 
these are conveniently distinguished by the sign of certain combinations of the em- 
bedding coordinates. We adopt the same procedure as P, denoting the different 
regions by A^^ri2^ where A = 1, ... ,4 and r]i,ri2 = ± are the signs of the two com- 
binations Ti + Xl and T2 + X2. Thus, for example, the ordinary region outside the 
black hole covered by the coordinates in (^, where Ti + Xi = ^Jae^^'^ > and 

T2 + X2 = \/a — 1 exp t — r__(j)j > 0, is denoted 

We want to investigate the calculation of field theory amplitudes using the bulk- 
boundary propagators for a scalar field on this solution, defining the propagators by 
analytic continuation from a Euclidean section. The rotating BTZ metric has no 
Euclidean continuation per se; we cannot define a real Euclidean metric by complex- 
ifying the coordinates in the above metric. However, there is a standard analytic 
continuation to a Euclidean space defined by analytically continuing simultaneously 
in the coordinates and in the parameter r_.^ We set t = —ir, r_ = — if_ (so 
J = iJ = 2r+f_). With this analytic continuation, the metric ((Zj) becomes 



r — r^)dT + 



^2 ^,y^2 2 ^ ^^2 I 2 ^ 

(13) 

At r = r+, there is a conical singularity in this metric, as grr —>■ 0. We must therefore 
identify r periodically with period At = 27rr+/(r^ + r?.). In this coordinate system, 
the Euclidean metric p3|) is smooth with the separate identifications ~ + 27m 
and r ~ r + itlAt, with m, n integers. One normally expects a rotating black hole 
to involve a twisted identification ~ + Q/3, r ~ r + /3, where j3 and fl are 
then interpreted as temperature and a rotational chemical potential respectively. In 
the present coordinates, this twisting is hidden in the fact that the cycles that are 
orthogonal at large distances are given by and r, not and r. 

Let us now consider a scalar field of mass m propagating in this geometry. The 
bulk-boundary propagator in the BTZ black hole (0) can be obtained by the method 

^Of course, global AdSa does have a Euclidean section. If we think of the BTZ black hole as a 
quotient of global AdSa , this analytic continuation of r_ amounts to redefining the identification we 
consider as we perform the analytic continuation from the Lorentzian to the Euclidean section in 
AdSa. 
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of images from the propagator in AdSa. The result is 



K^++^++{x,b') = ^ {-Va - 1 cosh[r+At - r_(A0 + 27m)] 



(14) 



-2/l4 



+ yacosh[r+(A0 + 27m) - r_At]} , (15) 
where x = [t, 0, r) is the bulk point, b' = [t', cj)') is the boundary point, At = t — t', 



Acf) 



and 2h^ = 1 + y/1 + im?. We will rewrite this in the coordinate 



system ([7j), and introduce the notation A0,„ = Acf) + 2?™ for convenience, giving 



[X. 



b') 



1 cosh 



-At - r_ A0„,) 



+ v^cosh(r+A0^ 



(16) 

In writing this form for the propagator, we have assumed that both boundary and 
bulk points are in region 1++, outside the horizon. To obtain the propagator for 
the bulk point in other regions requires analytic continuation of this propagator, as 
explained in p. For example, the propagator for the boundary point in region 1+_|_ 
and the bulk point in region 2_|_+ is given by 



[X. 



b') 



oo 



- Vl — sinh 



-At - r„A0„) 



+ ^/a cosh(r+ A0„ 



(17) 

In particular, if we consider a bulk point on the inner horizon, where a = 0, we 
see that the propagator remains finite; because of the r_A0„ term in the sinh, the 
summand is not independent of n. 

An ie prescription for this propagator will be defined by analytic continuation 
from the Euclidean propagator on the metric ()13|). The Euclidean propagator can be 
obtained by making the replacements t = —ir, r_ = — if_ in (fT^ . which gives 



. cos 



(ri + r^l 



At - r-A(Pn) 



+ i/a cosh(r+A0„ 



-2/l4 



One can verify by explicit calculation that this agrees with the propagator obtained 
by the method of images from the propagator on Euclidean AdSa; note that in the 
Euclidean section a = (r^ + f^)/ (r^ + r^). 

The bulk description of a generic field theory amplitude involves connecting a 
truncated Feynman diagram built from bulk-bulk propagators and vertices to the 
boundary points using these bulk-boundary propagators. We want to define ampli- 
tudes by analytic continuation: we therefore start with the boundary points on the 
the boundary of the Euclidean spacetime (fT^ (which is a torus), and the bulk vertices 
integrated over ()13p. We analytically continue the locations t- of the boundary points 
from pure imaginary back to real values, and at the same time analytically continue 
the parameter r_, to obtain an amplitude in the Lorentzian field theory. We want 
to see how we should deform the contour of integration for the bulk vertices as we 
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perform this analytic continuation.^ This will determine the ie prescription for the 
bulk-boundary propagators (fTH|) . 

We need to deform the contour to avoid singularities in the bulk-boundary prop- 
agator. The singularities in the propagator p6|) are located at 



At 



(rl — 



-A0„: 



■ cosh ^ 



a 



a — 1 



cosh r+ A0„ 



+ 



27rr+ 
(r^ — ri) 



where m E 1^. Note that this has the correct thermal periodicity in imaginary time. 

The structure of the propagator is rather more complicated than in the non- 
rotating case. We would therefore first like to check that it has the correct behaviour 
as we take the bulk point to large distances — in this limit, we should recover the 
singularities of the boundary to boundary propagator discussed in [T]. In the limit 
r — > oo, (fT^ reduces to 



At 



r_|_r_ ± 

^2 



„ + 



27rr_i 



^2 1^2 



■zm. 



(20) 



If we return to the coordinate = (f) + r_t/r^ which is appropriate at large distances, 
this becomes, after some rearrangement. 



At = ±A0„ 



27rr I 



{r\ ± r_|_r_) 



(21) 



reproducing the correct lightcone singularities in the boundary to boundary propa- 
gator. 

If we analytically continue r_ = —if_ the singularities in the propagator lie at 



At 



-A0„± 



Vi -|- 



cosh 



a 



a 



■ coshr+A0„ 



+ 



27rr 



(r^ 



ri) 



(22) 

where a = (r^+r^) / (r^+r^). If we start with the integration over the Euclidean black 
hole, with the external source points taken to lie at t- = —ir^, then the appropriate 
contour is from t = to t = —ijS. The singularities in (j^^ are then of the form 
imaginary it real. That is, all the singularities associated with future (resp. past) 
lightlike separation are to the right (left) of our contour of integration. This will lead 
to a standard Feynman ie prescription when we rotate back to Lorentzian signature. 
Note that this would not necessarily be the case if we tried to define the amplitude 
via an integration over imaginary t at real r_. This thus shows the importance of the 
analytic continuation in r_ from the point of view of this calculation. 

Since we rotate r_ as well as r in moving from the Euclidean to the Lorentzian 
section, it might seem that the motion of the singularities (and hence the way we need 
to deform our contour) is much more complicated in the present case than it was in 



^The discussion of analytic continuation in the boundary field theory itself is essentially un- 
changed from the non-rotating case; we will therefore not repeat the discussion of propagators in 



the field theory contained in 
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Figure 2: The analytic continuation and contour deformation in passing from the 
Euchdean to the Lorentzian section. The complex z plane is pictured; on the right, 
translation invariance has been employed to move the original contour of integration 
to z G (—2', —Z — 27rz). To simplify the figure, only singularities associated with an 
external point in region have been indicated. 

the non-rotating case. In fact, it isn't. To follow the motion of the singularities, it 
is convenient to define a new variable z = (r^ — r'^)t/r^. Then the locations of the 
singularities in the complex z plane are given by 



z = z' — r^iA(f)n ± cosh 

The only complication then is the behaviour of the third term. But while we want to 
continue from the Euclidean section, where r_ = — if_ and r is real, to the Lorentzian 
section, where r_ and r are real, we need not keep r real at intermediate stages; we can 
consider the analytic continuation along any path in the space of complex metrics that 
is convenient. Clearly, it is more convenient to perform the analytic continuation by 
continuing z' and r_ from imaginary to real values while keeping a real at intermediate 
stages, rather than with r kept real at intermediate stages. The effect of the analytic 
continuation will then be to rotate the singularities onto the real axis by changing 
the first two terms in (j23j) from imaginary to real values. The rotation moves all the 
singularities in a counter-clockwise direction, so if we similarly move the contour of 
integration in a counter-clockwise direction, deforming it as illustrated in figure |2l we 
will obtain the usual Feynman prescription for integrating over the singularities on 
the light-cone. 

Thus, after analytic continuation, we can deform the contour of integration for 
the vertices to an integration over the real t axis and t = — ■i7rr+/(r^ — r^), and over 
two vertical segments connecting the horizontal segments. Since the singularities as- 
sociated with external points in region 1++ will appear on the real axis, while those 
associated with external points in region 1^ will appear on the other horizontal seg- 
ment, we interpret this as saying that bulk vertices are integrated over the two regions 



a 



a — 1 



coshr+A0^ 



+ 2111171. 



(23) 
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outside the black hole's event horizon. The vertical segments create appropriate 
correlations in the state on the past and future horizons on the two sides. This con- 
tour also gives us an ie prescription for the bulk-boundary propagators which goes 
above the past singularities and below the future ones on the real axis, and vice- versa 
along t = — i7rr+/(r^ — r^), so it reproduces the usual thermal propagator in the 
region outside the black hole on each side. The addition of non-zero angular momen- 
tum therefore does not introduce any conceptual novelty relative to the discussion for 
the non-rotating black hole for the calculation of field theory amplitudes using this 
deformation of the contour. 



3 Poincare disc coordinates 

We would like to relate this calculation of the correlator by an integration over the 
region outside the black hole to some integral which includes the region inside the 
black hole. To do so, we need to find a different way of deforming the contour integral 
as we perform the analytic continuation. As in pT], the key is to find an appropriate 
coordinate system. We want an analogue of the Kruskal coordinate system used in P , 
but now adapted to the identification used to construct a rotating BTZ black hole. 
Note that the Kruskal coordinates introduced for the rotating black hole in jT^] are 
not apt for our purpose, as there is no explicit expression for the metric as a function 
of the coordinates in that coordinate system. 

We can construct a coordinate system which will cover the same region of the 
spacetime, but in which the metric does have an explicit expression, by adopting a 
different perspective on the coordinate system used in There, the metric on the 
Euclidean BTZ black hole was expressed as 



dY' + dX' + ^(l+X' + Yyc 
4 



(24) 



where < + < 1. This coordinate system is related to the embedding coordi- 
nates (Ti, Xi, X2, X3) satisfying - X^ = 1 ^y 

l+X^ + F^ 

^1 = 1 _ X2 - y2 cosh r+^, (25) 
1 -I- X^ -I- v'^ 

^-= Zx^ %2 si^hr^0, (26) 
2X 2Y 

We can recognise this coordinate system as a Cartesian version of the Poincare disc 
coordinates on (Euclidean) AdSs. That is, the surfaces = constant in these coordi- 
nates are copies of the Poincare disc, written in a Cartesian coordinate system X, Y . 
If is unrestricted, this is a familiar description of global AdSs. The BTZ black hole 
is obtained by a quotient on hyperbolic space that is expressed in these coordinates 
as ~ -|- 27r. 
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Now the difference between tfie 'rotating' and non-rotating Euclidean black holes 
is simply that in the former case, we make an identification with a twist; that is, 
the identification which constructs the Euclidean black hole is not orthogonal to the 
Poincare discs in this coordinate system. A coordinate system adapted to such an 
identification can be created by twisting the above coordinates, i.e., through 

X = Xcosf_0 + Fsinf_0, (28) 

y = -Xsinf_0 + ycosf_(/), (29) 
= 0. (30) 
In these coordinates, the Eucfidean metric reads 

= Ti [dy^ + + '^r^XdY - YdX)d(t> + fl{X^ + Y^)d(^l) 

(1 — A"' — Y-^Y 

This coordinate system is related to the embedding coordinates by 

1 + X"^ + Y^ 

Ti= ^_^,_y, ^oshr^<t>, (32) 

= ^ _ ^2 _ y2 Sl^^ ^+'^' (33) 

IX 1Y 
^2 = 1 _ ^2 _ y2 COS r_0 + ^ _ ^2 _ y2 (^4) 

2jf 2y 

-^3 - - -^ _ ^2 _ y2 ^^"^-'^ + 1 _ X2 - y2 COSf_0. (35) 

The identification ~ + 27r in these coordinates gives us the rotating BTZ black 
hole. Thus, this represents a convenient coordinate system on the Euclidean black 
hole. 

Let us now analytically continue this coordinate system to Lorentzian space, set- 
ting T — —lY and r_ = — if_, and see what region of the black hole the resulting 
coordinates cover. We have a locally AdSa Lorentzian metric 

ds^ = (1 _ + ^2)2 [-dT^ + dX^ - 2r4XdT - TdX)d<t> (36) 

-r^ (X2 - r2)(i02 + 4(1 + ^2 - T^fdcf)'' 

This metric is now related to the Lorentzian embedding coordinates by 

1 + — 

^1 = 1 _ X2 + ^^'^^ 
1 -|- X"^ — 

^1 ^ 1 _ X2 + ^^"^ ^^^^ 
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To 



2X 



X2 + T2 

2X 



cosh r_ 
sinh r_ 



2T 



+ 



1 - X2 - y2 
2r 



sinh r_ 
cosh r_ 



(39) 
(40) 



Thus, the relation between this coordinate system and the coordinate system of (|7|) 

1 + X2 - T2 



IS 



1-X2 + T2^ 



tanh 



T 
X' 



(41) 



(42) 
(43) 



Note that this coordinate transformation is very similar to that relating the Rindler 
and Minkowski coordinates on flat space. This similarity is perhaps more obvious in 
the inverse coordinate transformation, 



X 



T 



a/q - 1 
+ 1 

- 1 
1 



1/2 



cosh 



1/2 



sinh 



(44) 



(45) 



One would like to know what portion of the BTZ metric our rotating disc coor- 
dinates are covering. This is most easily analysed by following [T], and considering 



the signs of the combinations 
system of these are 



and 



Tl - Xl 



a and r| - X| 



1 + x2 - r2 
1 - X2 + r2 



4(T2 - X2) 

;i -x2 + r2)2 



1 — a. In the coordinate 



(46) 



(47) 



We see that Tf — Xf is always positive, so we have only regions with r > r_, while 

— X| can be positive or negative, so we have regions with 
Exploring further, we have 



r > r I or r < r J 



To±Xo 



1 + x2 - r2 

= 1 _X2 + T2' 

2(T±X) 

1 _X2 +T2'' 

-T2 > 1, we have a region 1. 



(4^ 



(49) 



and a region 1_ 



Thus, we have the following: for X2 
The surface X"^ — T'^ = 1 maps to r = oo. For 1 > X2 — > 0, we have a region 
1++ and a region l+_. For > X^ _ 2"2 ^ have a region 2++ and a region 

2+_. This coordinate system breaks down at X2 — T2 = —1, as the determinant of 
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the metric ()36p vanishes there. For —1 > — T^> — oo, we have a region 2 ^ and 

a region 2 

The physical range of coordinates is thus 1 > X^—T"^ > —1, which covers the same 
region as BTZ Kruskal coordinates {U+,V+) [Hj, namely the region including the 
regions l+± outside the horizon and 2+± between the two horizons in one 'copy' of the 
BTZ black hole. Just as the regions 1_± are not physically connected to the regions 
l+±, even though they might appear to be adjacent in these coordinates, the 2_± 
are not connected to the regions in the physical spacetime (region 3 intervenes). 
The presence of these additional regions will be mathematically convenient in the 
continuation of the amplitudes, but we do not believe they should be assigned any 
physical significance. 

Let us now consider the propagator in this coordinate system. We know from the 
work of fT| that the Euclidean propagator on AdSs expressed in the coordinates (j24j) 
is 

'I _ x"^ — y2^2/i4 
[2XX' + 2YY' - (1 + X2 + F2) cosh^ r+A^]^ 

Note that since b = {Y', X', 0) is meant to be a boundary point, Y'"^ + X''^ = 1. Using 
the coordinate transformation ()28ll30p to our twisted coordinates, and imposing the 
identification ~ + 27r, we find that the Euclidean black hole propagator can be 
re-expressed in the coordinates of (p?T|) as 

oo 

KE{x,b') = ^ (1 -X^ -r2)2''+[2XX'cosf_A0„ + 2rr'cosf_A0„ (51) 

n=— oo 

-2XF'sinf_A0„ + 2X'Fsinf_A0„ - (1 + X^ + Y^) coshr+A0„]-2'^+. 

This can be analytically continued to give us the Lorentzian propagator in rotating 
disc coordinates as 

oo 

K{x,b') = ^ (1-X2 + t2)2^+[2XX' cosh r_A0„-2TT' cosh r_A0„ (52) 

n=— oo 

+2Xr'sinhr_A0„ - 2X'rsinh r_A0„ - (1 + X^ - T^) coshr+A0„]-2''+. 

Before working out the singularities in this propagator in detail, let us note an im- 
portant change in the singularity structure. In the non-rotating case, there was a 
divergence of the summation at X^ — = —1, which in that case corresponds to 
the location of the BTZ singularity. This reflected the fact that as we approach the 
BTZ singularity, the proper distance between different images of the bulk point in 
the covering space is going to zero (as is obvious from the fact that g^pip is vanishing 
there). For non-zero rotation, there is no analogue of this effect, because even for 
X^ — = —1, the summand does not become independent of n. This was already 
seen in BTZ coordinates in (jl7|) . 

This is physically correct; in the non-rotating case, X^ — = — 1 is the BTZ 
singularity, and as was pointed out in j23 1201 U]; the BTZ singularity is like the 
singularity in the parabolic orbifold of flat space studied in [23 123 123 120] • The 
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divergence in the summation in the propagator near the BTZ singularity is thus 
related to the instability of this singularity identified in |2n] (where multiple boosted 
images of a single particle converge). In the rotating black hole, by contrast, g^^ 
does not vanish at — = —1, so the proper distance between images remains 
finite at — = —1; this is just a horizon in the spacetime. As discussed in the 
introduction, we nevertheless expect that there will be a singularity there, due to the 
infinite blueshift associated with this horizon, so the cutoff at the event horizon is 
not just an artifact of our coordinate system. The curvature singularity that forms 
at the Cauchy Horizon is a weak, null singularity (which is characterised by having 
finite tidal deformations) [23 I2H|- As a result the singularity is neither associated 
with the sum over images or the divergence of the probe field. Hence, we should not 
expect it to be signalled by a failure of the summation in ()52|1 to converge or the 
bulk-boundary propagator to in fact diverge at all. 

Equally striking is what adding rotation does not change: there is still no imag- 
inary periodicity in T. The singularities in the propagator are given by solving a 
quadratic in T, so there will be singularities at two locations in the complex plane for 
given X,X',T',A(j)n. Thus, perhaps surprisingly, there is no thermal behaviour as- 
sociated with the inner horizon in this representation of the propagator, even though 
we are restricted to the region outside the inner horizon. We would argue that this 
is again a sign that the inner horizon is not a true regular horizon in the spacetime, 
because of the blueshifting instabihty. 

Let us now determine the singularities in this Lorentzian propagator in detail. 
Note that the source point is by assumption located on the boundary; we established 
earlier that this corresponds to X'^— T'^ = 1. It is useful to introduce a new variable (3 
parameterising the location of the source point, writing X' = rj cosh (3, T' = r^sinh/?, 
where rj = ±1. The singularities are then given by the roots of the quadratic in ()52|) : 

2X?7 cosh (3 cosh r_ A0„ — 2Tr] sinh f3 cosh r_ A0„ + 2X?7 sinh (3 sinh r_ A0„ (53) 
-2Tr/ cosh /3 sinh r„ A0„ - (1 + X2 -T^) cosh r+A0„ = 0, 

which we can simplify to 

T2coshr+A0„-2r/Tsinh(/3-r_A0„)-(l+X^) coshr+A0„+2r7Xcosh(/3-r_A0„) = 0. 

(54) 

The roots lie at 

T = (coshr+A^n)""*^ {r] sinh(/9 — r_A0„) 

±[sinh^(/5 - r_A0„) + (1 + X^) coshV+A0„ - 2'qX cosh{l3 - r_A0„) coshr+A0; 

This can be further simplified to read 

^ ?7sinh(/3 — r_A0„) ± [(cosh(/3 — r_A0„) — r^X coshr+A0„)^ + sinh^ r+A0„]^/^ 

coshr+A0„ 

(56) 

Note that the two singularities in the complex T plane lie on the real axis, as they 
should; these are just light-cone singularities. 
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We would now like to study the contour deformation for the vertex using this co- 
ordinate system, and thereby obtain an ie prescription for the Lorentzian propagator 
(j52|) . As in [T] , there is a technical difficulty in that the natural range of integration in 
the Euclidean metric is < X"^ + Y'^ < 1, and we do not understand how to perform 
an analytic continuation subject to this kind of restriction. However, the propagator 
fl51|) is symmetric under the antipodal map 

X Y 

so long as 2/i+ is even. Hence, at least in this case, we can treat the region X^+Y^ > 1 
as another copy of the black hole solution, and obtain the correct answer for the 
amplitude by integrating over the full X, Y plane and then dividing the final answer 
by two. 

Let us therefore consider an integration over the Euclidean section, where the 
source points lie on the circle X'^ + Y'^ = 1, and the integration over T runs from 
T = ioo to T = —ioo. The singularities then lie initially at 

^ —irj sin(/3 — f_A0„) ± [(cos(/3 — f_A0„) — rjX coshr+A0ri)^ + sinh^ r+A^n]-*^/^ 

coshr+A0„ 

(58) 

where f3 is defined by X' = 77 cos f3, Y' = t] sin f3. As in the BTZ coordinates, we see 
that the singularities associated with the Euclidean solution lie at imaginary ± real, 
so that the singularities associated with future (resp. past) lightlike separation are to 
the right (left) of our contour of integration. 

The analytic continuation here looks still more complicated than in the previous 
case; however, once again we can avoid complications in the motion of the singularities 
by a convenient choice of path. Instead of keeping X real at intermediate stages in the 
analytic continuation, it is better to assume we keep cosh(/?— r_ A0„) —r]X cosh r+ A0„ 
real. The analytic continuation then involves only the first term in and will 

rotate the singularities counter-clockwise. If we similarly rotate the contour counter- 
clockwise, we will wind up with the usual ie prescription, where we make the substitu- 
tion Y = e^'^'^/^'^^T in (jM^ . The analytic continuation is thus accurately represented 
by the simple picture given in figure 01 

We are left with an integration over the full X, T plane for each vertex. However, 
as we saw above, the full X, T plane contains regions 1_± and 2_±, as well as the 
regions 2+± of interest. It is thus a double cover of a single Kruskal patch r > r_ 
in the Lorentzian black hole. We can simply cancel this double cover against the 
factor of a half that came from the double cover we introduced in the Euclidean black 
hole, and obtain an integration just over the region —1 < X^ — < 1 corresponding 
to a single copy of the Kruskal patch. As in P, this will lead to a slightly more 
complicated ie prescription in the regions r_ < r < r+. 

The main point is that, by analytic continuation, we can express the bulk space- 
time version of the calculation of a CFT amplitude either in terms of an integration of 
the interaction vertices over regions 1++ and l+_ in the rotating black hole, with the 
ie prescription given in the previous section, or in terms of an integration over regions 
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Figure 3: The analytic continuation and contour deformation in passing from the 
Euclidean to the Lorentzian section, in Poincare disc coordinates. 

1+-I- and 2_|_-|-, with the ie prescription given here. Thus, such amphtudes involve the 
region behind the event horizon, but outside of the Cauchy horizon. 

4 Conclusions 

Our main objective in this paper has been to deepen our understanding of the rela- 
tion between the field theory and the spacetime in the AdS / CFT correspondence for 
spacetimes with horizons. We have shown that in rotating BTZ, the bulk calculation 
of field theory amphtudes defined by analytic continuation can be expressed in two 
ways, in terms of an integral over the region outside the horizon, or in terms of an 
integral over the region bounded by past and future Cauchy horizons. This extends 
previous work [T] to include rotation. 

A feature which deserves to be stressed again is that the analytic continuation 
from the Euclidean black hole gives us an integral over both asymptotic regions, 
and l+_. In particular, the analytic continuation of the single boundary in Euclidean 
BTZ gives us the two boundaries in Lorentzian BTZ. In the original coordinate sys- 
tem, this arises because the deformed contour defining the real-time thermal field 
theory involves two horizontal segments, interpreted as independent fields on the two 
boundaries that are entangled by the state of the CFT. In the Poincare disc coordi- 
nates, we pass from the connected boundary + = 1 in Euclidean space to the 
two-sheeted boundary — = 1 in Lorentzian space. The black hole is thus still 
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represented by a pure state — an entangled state of the two field theories. It seems 
natural that such a pure state will contain complete information about the bulk space- 
time. If we trace over the degrees of freedom on one boundary, the resulting thermal 
state on the other boundary will no longer contain enough information to describe 
the region behind the horizon. 

The main value of adding rotation is that it highlights the importance of the 
Cauchy horizon as a boundary. We have seen that amplitudes can be related to an 
integral over the region bounded by the Cauchy horizons. For Lorentzian AdS, a state 
in the field theory is conjectured [H] to be dual to the initial state in the bulk AdS 
spacetime, encoded by data on some Cauchy surface. It therefore seems very natural 
that the calculation of amplitudes in the field theory involves the region determined 
by this initial data. We conjecture that in general, the CFT description is not limited 
to the spacetime region which is visible from infinity — that is, it does not stop at 
event horizons. It stops only when we encounter a Cauchy horizon.^ 

This conjecture gains further support from carefully considering the horizon in the 
Poincare coordinates on pure AdS. In 22^, it was found that the region behind the 
horizon in Poincare coordinates is included in the CFT description, because the CFT 
naturally lives on the whole Einstein static universe M x S*", and not just in Minkowski 
space M"'^. Put another way, the CFT on M"'^ determines the bulk spacetime within 
the Poincare horizon; to go beyond it, we need to fix boundary conditions on other 
parts of the boundary of AdS. The boundary of the Poincare patch is an (observer- 
dependent) event horizon, but it is also the Cauchy horizon for a t = constant surface 
in Poincare coordinates (supplemented by the boundary conditions supplied by the 
field theory on M"'^). Thus, the result of j2H]; that an extension of the field theory 
(from M"'^ to M X 5") is necessary to describe the region of spacetime beyond the 
Poincare horizon, is perfectly consonant with relating the field theory to the region 
bounded by the Cauchy horizons. 

In fact, our consideration of the rotating BTZ black hole is very close in spirit to 
the analysis of [21] • The periodic identification in cf) that defines the black hole has 
played only a spectator role in our discussion. Thus, one could equally well apply our 
analysis to AdS in BTZ coordinates without the identification along 0. We would 
then say that what we have learnt is that if one considers the the field theory just 
on those regions of the boundary where is spacelike, it is dually related to the 
region of the spacetime which is determined by Cauchy data supplemented by the 
asymptotic boundary conditions on this portion of the boundary. So the discussion 
here is in a sense a generalisation of 29 , considering the restriction to a different 
region of the boundary. 

If the field theory only describes the region of spacetime before the Cauchy horizon, 
what is the physical interpretation of the region beyond that horizon? In some special 
cases, such as the Poincare coordinates in pure AdS, this is an unnatural restriction, 
and the spacetime beyond the horizon can be included in the description by an exten- 
sion of the field theory which supplies the necessary boundary conditions. However, 

■^A similar argument that the Lorentzian correspondence requires that some regions beyond event 
horizons be included in the CFT description was made in 
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we will further conjecture that generically there will be no such extension — the re- 
gion beyond the Cauchy horizon is not included in the 'hologram', so it is unphysical. 
Thus, the AdS/CFT correspondence enforces strong cosmic censorship for such so- 
lutions y^j. The classical description will break down at the Cauchy horizon, so no 
observer can study quantum effects from a safe distance. 

The idea that the spacetime is cut off at the Cauchy horizon receives support from 
previous calculations, which have shown that an observer approaching the Cauchy 
horizon inside a rotating black hole will generically encounter a divergent flux of 
radiation due to the infinite blueshift ^S]- Thus, the classical theory does predict 
its own downfall there. This should be contrasted with the situation at the event 
horizon, where an observer crossing the horizon will see nothing special. An important 
direction for future work is to understand to what extent this blueshifting instability 
is reflected in the CFT calculations we have discussed here, and more generally to see 
evidence for the conjectured breakdown of the classical spacetime description at the 
Cauchy horizon and understand what replaces it. 

If the event horizon is not a fundamental barrier, why does it remain so difficult 
to answer questions about physics there? One part of the answer to this question, as 
pointed out in jl], is that the size of a black hole, from the viewpoint of an infalling 
observer, is never greater than the characteristic curvature scale of the AdS space. 
This remains true for rotating black holes: the proper time taken to fall from the 
outer to the inner event horizon of a rotating black hole is bounded from above by 
a number of order one in AdS units for any value of r±. Hence, one obstacle to 
understanding the observations of infalling observers is that we do not know how to 
recover approximately local bulk physics on scales smaller than the AdS scale from 
the field theory. Making progress on this issue will be essential to gain a better 
understanding of the description of the black hole's geometry in the field theory. 

Another barrier to understanding is that the part of the connection between bulk 
and boundary we understand well is the relation of the asymptotic behaviour of fields 
in spacetime and the expectation values of local operators in the field theory. This 
can be used indirectly to understand some features of the description of sources in 
the bulk in terms of their effects at large distances, but does not tell us how the CFT 
describes changes in the bulk whose effects have not yet propagated to the boundary. 
Understanding the CFT degrees of freedom which describe the bulk more directly is 
the problem of precursors [301 EH E21 ESI • Precursors are supposed to reflect events 
deep inside the spacetime without (immediately) changing any local observables in 
the CFT. The region behind the black hole's event horizon provides a particularly 
sharp example of this problem, as events in this region can never effect the asymptotic 
region, so they will only ever be reflected in the CFT through non-local observables 
tied to the precursors. This point was also discussed in Thus, understanding 
the description of changes behind the event horizon will also require progress on 
our understanding of the direct description of the interior of spacetime in the dual 
CFT. The present calculation reinforces the arguments that the region inside the 
event horizon is included in the CFT description, but it does not address these deep 
questions concerning how that description is implemented. 

Finally, it would be interesting to explore the extension of these calculations to 
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higher dimensions. This will clearly be more challenging, as the construction of 
suitable coordinate systems in our work here has relied on cunningly exploiting the 
locally AdS character of the BTZ black holes. 
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